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A derivation of the maximum principle for control prob-
lems with a discontinuous system of equations is given in Ref.
6, pages 311-312. The optimality condition requires

u(t) = —sgnh () 21)

Thus, the solution is bang-bang-type control of E’s com-
manded acceleration similarly to the ideal system case,* where
its actual acceleration was bang-bang.

Computational Results

The solutions for the problem were obtained numerically
using a multiple shooting algorithm. The initial states are all
zero and the following numerical values are used:

N’ =3,

V, = 1000 fps, V=500 fps

Ye,, = 0.3 s~ 7,=0.5s, t;=3.75s

A two-parameter family of solutions has been obtained by
varying (¥,,,/¥e,,) and (7,/7,) (i.c., the relative maneuverabil-
ity and the relative time response of the opponents are used as
parameters). The miss-distance results are presented as a
function of these parameters in Fig. 2. Note that E’s time
constant need not be smaller than P’s for evading with a
significant miss distance, and that a nonzero miss distance is
guaranteed even when the pursuer has unlimited maneuver-
ability.

The problem as formulated has a closed-form solution for
7,= 0, ¥, = o, which has been obtained in Ref. 4. For this
case, E applies bang-bang-type control with one switching
point at 8 = (¢, —t) /7, = 2, For other values of 7, and y,_,
the variable # is shown in Fig. 3. In all of these results, the
guidance parameter N’ is 3.

In Ref. 4, E’s system was approximated by a ramp function
with ¢, as the ramp time (the minimum time to change the
lateral acceleration from — Jem t0 ¥, )- Their results may be
compared to the present results by approximating ¢, = 37,. In
general, the comparison is satisfactory for both the miss dis-
tance and the switching point. For a “‘slow’” evader (7,/7, > 1)
but with relatively high maneuverability (¥,,,/3,,, >0.25), the
ramp time approximation results are more optimistic (for E)
and the predicted miss distances are greater than these of the
first-order model. For a “‘fast’” evader or for a less maneuver-
able one, the results are in very good agreement.

Corcluding Remarks

By applying linearized kinematics to the optimal evasion
problem, the optimal commanded lateral acceleration was
found to be a ‘‘bang-bang’’ nonsingular control governed by
a switching function. The optimal miss distance is dependent
on the relative maneuverability of the pursuer and the evader,
and on the relative time response. However, the evader need
not be faster in its dynamic responses in order to guarantee a
finite miss distance even in conflict with a pursuer of unlimited
maneuverability.
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Introduction

ECENTLY, Lin and Tsai! have presented a combined

mid-course and terminal guidance law design for missiles
to achieve range enhancement with excellent intercept perfor-
mance, and have also arrived at the closed-form solution of a
closed-loop nonlinear optimum guidance law for three-dimen-
sional flight for both the mid-course and terminal phase by
neglecting some nonlinear terms.

In this Note, an analytical solution that includes terms not
considered by the cited authors is presented for the preceding
problem. The notation adopted would be the same as in
Ref. 1.

Method of Solution

The differential Eq. (44) of Lin and Tsai! is used for the
study and solved in analytical form. That equation is

dk )\ . k+C -
ﬁ—[<7~F>San+T]<1+SIHU

R% = [<k—2 - F2>Rsina + (k+C)} +

dR 2
k? .
5 —F?) Rsing + (k+C) | sin’o 8))
Let X\ = R sino, then
da do .
R- Rcosaa + sinc = — kR

by using Eq. (28) of Ref. 1.
Equation (1) leads to

N (1+C) dr
- = (RZ)—Jrle—c1
k2
= (1+sin* 8) 2 A @)

where
F! = F? + F2sin’ 5
C, = C(1+sin? 5)
C, =1+ sin?s

and & is the average value of g.
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By changing the independent variable from R to T by F,R
= T, we get

e A G
d7? T dr F?

(1 +sin? 5) k_2

=T A TE 2

3

By neglecting the right-hand side, the solution of Eq. (3)
that is obtained is more refined, as certain terms not con-
sidered in Ref. 1 are included by their average value to show
their effect on the behavior of parameter A:

A 1+ dh G

iz~ 1 ar @0 @

By further changing the dependent variable by
P = (C/FH — 2

the differential Eq. (4) leads to

&P (1+C) dP B
a1 ar F°° ©)

The solution of Eqg. (5) is now obtained in terms of the
modified Bessel function of order pu.

Solution of Differential Equation
Changing the dependent variable P by the transformation
P = UT"+*

n=(Q1+Cy)/2

so that U is the new dependent variable, the differential Eq.
(5) becomes

2

By writing

@Cn+1)/2 = u
we get
d2U dU
2 (2 2 -
TdT2+TdT w+THU =0 0]

The differential Eq. (7) is the standard Bessel’s differential
equation, which admits solution as

U = Al (T) + BK,(T) ®)

where 1,(T) and K, (T) are the modified Bessel functions of

order u and A and B are integration constants.
Hence,

P = T"" [AL(T) + BK,(T)] ®

where
p=1+ (C/2)
Going back to the original variables, namely, R sino and R,
we obtain

R sine = (C/F{) — (FiR)* [AL(F\R)
+ BK,(FiR)] (10
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where
p =1+ (CY2)

The constants of integration 4 and B can be determined
with the help of conditions as used in Ref. (1).

The solution as given by Eq. (10) is more realistic when
compared with that of the solution given by Eq. (48) of Ref. 1.

The solution as obtained by Lin and Tsai can be obtained
easily from that given by Eq. (10) by suppressing the terms not
considered by them, namely, the F? sin?s and sin?s. The
solution so obtained will be the modified Bessel function of
order 3/2.

Thus, the solution obtained is considered more valuable for
further analysis and the determination of optimum control
gains K; and K,, which are expressed in terms of normal
acceleration of a missile by Eq. (19) of Ref. 1. The gains K
and K, as obtained by Lin and Tsai, are modified with this
solution, and their behavior is going to show the nonlinear
effect in trajectory-shaping guidance.

Conclusion

In this Note, an analytical solution of the optimal trajec-
tory-shaping guidance law has been presented. The solution
offered results in better estimation of the optimal gains of a
closed-loop nonlinear system. The missiles employing the
above guidance law can achieve higher range with excellent
intercept performances. It would also provide a smooth
acceleration-time history leading to better end-performance
parameters. The solution offered is in terms of well-known
functions.

The analytical solution offered in Ref. 1 can be obtained
directly on a particular case of this study. This guidance law
finds its application for surface-to-surface, surface-to-air, and
air-to-air types of missiles.
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Introduction

N Refs. 1 and 2, we have developed an algorithm for real-
time near-optimal, three-dimensional guidance of high-per-
formance aircraft in pursuit-evasion and target-interception
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